


INTRODUCTION

Learning math through Guided Discovery:
Guided Discovery is designed to help you experience a sense of discovery as you learn each topic.

Why this curriculum series is named Summit Math:

Learning through Guided Discovery is like hiking. Learning and hiking both require effort and
persistence and people naturally move at different paces, but they can reach the summit if they keep
moving forward. Whether you race rapidly through the book or step slowly through each scenario,
this textbook is designed to keep advancing your learning until you reach the summit.

Guided Discovery Scenarios:

The Guided Discovery Scenarios in this book are written and arranged to show you that new math
concepts are related to previous concepts you already know. Try each scenario on your own first,
check your answer when you finish, and then fix any mistakes, if needed. Making mistakes and
struggling are essential parts of the learning process.

Homework & Extra Practice Scenarios:

After you complete the scenarios in each Guided Discovery section, extra practice will help you
develop better memory of each topic. Use the Homework & Extra Practice Scenarios to improve youn
understanding and to increase your retention.

The Answer Key:

The Answer Key is included to give you teacher-like guidance. When you finish a scenario, you can get
immediate feedback. If the Answer Key does not help you fully understand the scenario, try to get
additional guidance from another student or a teacher.

Find more resources at:
www.summitmath.com
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GUIDED DISCOVERY SCENARIOS

cUIDED DISCOVERY

SCENARIOS

JLENANIES

The Guided Discovery Scenarios are designed to help you experience a sense of
discovery as you learn. Explanations are brief and carefully timed to allow you to build
your learning at a comfortable pace. The Answer Key supports your learning by giving
you immediate feedback and helping you understand each step before moving on.

As you complete each scenario, follow these steps.

Step 1: Try the scenario.
Read the scenario carefully and try to work through it. Be willing to struggle.

Step 2: Check the Answer Key.
The Answer Key can guide you through the scenario, show you new ideas, or help you
find mistakes in your steps.

Step 3: Fix your mistakes, if needed.

Mistakes are learning opportunities. If your result does not match the Answer Key,
check your work and look for errors. If you still need guidance, seek help from a
classmate or teacher.

When you are ready, try the next scenario and repeat this cycle.
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GUIDED DISCOVERY SCENARIOS Unit 7 | Section 1
Introduction to Rational Exponents

This section will use what you know about exponents and roots to help you learn about rational
exponents, exponents that are fractions (ratios). First, review some exponent properties.

. Consider the following expressions. Write each expression in the form A®.

x4 b, 23-23 ¢ 9.9 d 8/5-8%

. Write each expression in the form AB.

a. (x°)? b. (23)4 c (91/2)5 d (43)1/2

. You know that 9 is 81, but what is the value of 9/2 Type the expression 9 into a calculator. A

calculator will show you that 9/2 = . To see why 972 has that value, complete each part below.
2 2
a. Simplify (972) b. Simplify 3. c. 1f(9%2) =3 then9’2 =

2
CIf (91/2) is 9, then 972 is the square root of 9. An exponent of one-half and a “square root” symbol

have the same meaning. Rewrite each expression using a square root symbol instead of an exponent.
The first one is done for you.

2. 2572 b. 10072 ¢ x)2 d. 3/

V25

1
sNotice that the expression 100 /2is not one-half of 100. Evaluate each expression shown.

1
1/ 1/ 1/ 2 /2
2. 367 b. 4972 . 64/ d. (25)

1 1
: SinceX/Z = \/;, then 27 /2 = \/ﬁ = 3\/§. What is the simplified radical form of each expression?

2 872 b. 1272
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GUIDED DISCOVERY SCENARIOS Unit 7| Section 1

/. What is the value of 81/3? A calculator will show you that 81/3 = . To see why 81/3 has that value,

10.

11.

complete each part below.

3 3
a. Simplify (87) b. Simplify 23. c. If(8%2) =2° theng/s =

3
f (81/3) is 8, then 873 is the cube root of 8. An exponent of one-third and a “cube root” symbol have

the same meaning. Rewrite each expression using a cube root symbol instead of an exponent. The
first one is done for you.

2 6473 b. 12573 ¢ x/3 4. 1073

I

1
#'Notice that the expression 27 /3 does not mean one-third of 27. Evaluate each expression shown.

1
1/ 1/ 1 8 /3
a 64/3 b. 100073 ¢ 153 d. (ﬁ)

1 1
Now that you have learned thatX/2 = /X and x /3 = i/;, you can build on this and discover how to
evaluate other rational exponents like 1/, 2/3 ,3/4and soon...

2 2
Consider the expression 8 /3. You can evaluate 8 /3 if you see it in a different way. First, simplify each
expression below and write it in the form AB.

o (h) o (27 ¢ (25

1733 3
In.the previous scenario, you can use the Power Rule for exponents to show that (25 /2) =25 /2. If
. 2/3 . 1/3 2 . . A\B
you reverse this property, 8 /3 is ( 8 . Rewrite each expression in the form (x™)°".

2 873 = b, 1672 =
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GUIDED DISCOVERY SCENARIOS Unit 7| Section 1

Answer Key
L 2 . 2 (V9) - () - 27
.9 > 9oy d.8h | b. (V18)’ > () - 8
2y a2 o5 x0 b 2?2 9l 1 d. 472 . a (i/ﬁ)“ S (34 - 8
‘I .
3. a9'-09 b. 9 c.92=3 b, (¥32) > () - 8
4. V00
b. V100 c. Vx d. V3 3 a. (%/—_27)2 - (=3 - 9
5. a. 6 b. 7 c. 8 d. © 21, ) 3 23 g
¢ a. V8 > V42 - 2\2 b<\/;> *(@) - 57
b. V12 > V4/3 - 243 2 In Option #1, it is easier to find the cube root
7] a8 o8 b. 8 c.853=2 ' of 8 first.
8 b. 1125 c. ¥x d. Y10 23 a. 32's. (x5)4/5 -2t 56t
. 2
9 a. 4 b. 10 c. 1 d. % b. (—64)73 - (x) 5 516 -x8 —16x8
10.| a x/a3 5 xV/a b. 277/ c. 257> 3 (l)v3 5 3\/1 4]
N NG 24. "\ 8 8 2
11, / /
2 (853) b. (1672) 5 b. 472 54 -2
12. a. 10072 b. (\/100) N 1 1
4 3 a. (—) - -
13 a. (%)5 b. (\/E)A 2. 100 00,7 _ 1000
1. a. (Wz b. (Z&) b. 2773 -9
> a. T i b. 54/4 a. 42 5 (Va) -2 - 18
2 a. 2 A/; b. 93// i 26| b (V79) = G0 = 277 = 27(=i) » ~27i
17. ' 3 3
a. x ¢ 3 by c. (10,000)74 - (4/10,000)
Bl a. (22 - 4 b. (\/g) - (D% - 16 - (10)} - 1,000

© Alex Joujan, 2025 | summitmath.com 9



Section 2

GUIDED DISCOVERY SCENARIOS

Exponential Equations &
Applications

Use this page for taking notes or anything else that helps you learn.

SAMPLE PAGES

10

SA9Vd 4 IdINVS



GUIDED DISCOVERY SCENARIOS Unit 7 | Section 2

Solving Equations with Rational Exponents

1. To review what you have learned about exponents, try to simplify each expression.

-1 -1 3/ 5/3 2_1 _2/
a. 4745 b. (275) ¢ =7 d. 2777

2. Simplify each expression.

a. (xz)v2 b. (x2)1/6 c. ()(1/3)3 d. ()(3/2)4/3 e. ()(2/3)3/2

3When you solve the equation x> = 8, you undo the exponent of 3 by finding the cube root of both
sides. Another way to think about this is to undo an exponent with its reciprocal.

1
a. =8 - (x3)/3=(8)1/3 > =8 - x=
b. =100,000 - ()/s=(100,000)/s - x=3/100000 - x=__
4. Solve each equation by raising each side to the reciprocal exponent.

a. x1/2=3 b. x1/3=3 C. xla =

(sz)z = (3)?

5. Solve each equation by raising each side to the reciprocal exponent.

a. x/3 =25 b. x/3=16 b. 205 =16
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GUIDED DISCOVERY SCENARIOS

Unit 7 | Section 2

Answer Key
1 1 5 4 9 3 x—4 _ 'I/ x+1 _
a'z+§_)ﬁ+ﬁ_>2ﬁ 5. a. (2)3 —(2 22 - x=5
3.5 25 2. =Y o x=—
e I C- b.2?-(22) =(27") "o x=-28
1. ) 2 2 a. U—2Du—-T)=0-u=2orl
J (l)/3_, 11 2=20r2=1 - x=10r0
27 2773 3\/?2 b.u=3>u-2u+1=0
( ) U=TDuU-=-T)=0->u=1
14. X _ —
220 ax b x/s c.x dx* e x 3 :1_>2X_O
3. a. x=2 b. x=10 cus4-u-u=0
y 3 ) uu—=2)=0->u=0o0r2
4. 3. x=9 b;‘(x 3) =@ - x=% 4* = 0 - no solution 4 =2 —>X=%
1
. (x/4) = (3)* > x =¢8] a. 100(1.8) — 180 people
2, o . o e 15. | b. 100(1.8)(1.8) — 100(1.8)? — 324 people
a. (x ) =(25)72 > x=5 - x= c. 100(1.8)* - 1,049.78 — 1,050 people
3 16 is 2 sets of 8
5 UACE 3, _ 3 _ a. 16is2setso
b. (x73) . (16)7 = x=2" > x=8 600(0.80)? — 384 mL
c ((2)()4/5) 4 _ (16)5/4 =305 x =16 16. b. 40is 5 sets of 8
3 600(0.80)° — 196.608 mL
a. (X‘2/3)_ 2 _ @h o x=-1 % c. 600(0.80)72 — 536.656 mL
3 4 a. Tyearis 3 sets of 4 months
6. b (L)J/g 4 _ (16)_3/4 (1.25)° = 1.9531 - 95.3% increase
3 - 17. b. 1month is one-fourth of 4 months
A % Ly = % (1.25)"4 > 1.0574 — 5.7% increase
5 (1.25)"/4 % 100
a.x+3=932—>x+3=27—>x5=24 8 8 days is 2 sets of 4 days
7 b. (x—4)/s =8 >x—4=2873 ' 50% of 50% — 25%
->x—4=32-x=36 12 hours is 3 sets of 4 hours
8, X=2 19. The original amount is halved 3 times.
o | @ 2X=6-x=3 b.x+12=5x->x=3 400(0.50)° - 50mg
: . x=5=3x+1-x=-3 Solve: 20 = 40e™%-
e Make the bases match: rewrite 8 as 2°. Find the intersection of
: 14 _ (23)X S X1 o3 20. y =20 and y = 40e7 0%
5x +10 1,92 . o2x+1 t =3.466
a. 2 _ b. 227 ~2 around 3.47 decades, or 34.7 years
X (4T L gx H4x—4 5x— 4
1. c 2-(2Y) 22 -2 . The compound is halved 2 times, so the half-
d 23. (22)X — 3. % L px+3 ' life is 4 months.
3 (32)X_4=3x+1_>32x—8=3x+1_)X:9
12 b (32)x+2 _ (33)3x+1
L3 HA g3 :%
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Exponential Functions: Part 1
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GUIDED DISCOVERY SCENARIOS
Exponential Patterns

Unit 7 | Section 3

1. Some functions increase as x increases in the positive direction. Three of these functions, with curved

shapes, are shown. Try to recall the parent function for each graph (not the actual function).

a. b. C.

= N W b~ O
= N W A O
= N W H» O

5 -4 -3 -2 -1 12 3 45 -5 1.2 3 45 3 -2 -1

oA
g B W N =0

12 3 45 6 7

. In the next scenarios, you will learn about another function with a curved, increasing shape. Analyze
each sequence below and find the pattern. What expression or number comes next in each sequence?

a. 2, 2+2, 2:2-2, ... b. 3,9, 27, ...

. Identify the next expression or number in each sequence.

a. 5 5-3, 5-3-3, ... b. 6,12, 24, ...

The previous sequences are made by repeated multiplication, which can be represented with
exponents. Consider the sequence 2, 4, 8,16. Using exponents, the sequence is 21, 22, 23, 24

. Use exponents to represent this sequence: 5, 25, 125.

Consider a more complex sequence: 20, 40, 80, 160.
Wsing exponents, this sequence is10-21, 10-22, 10-23, 10 - 2%

«Use exponents to represent each sequence.

a. 6,12, 24, 48, ... b. 20, 200, 2000, ...

. Use exponents to represent the 5th term in each sequence.

a. 6,12, 24, 48, ... b. 20, 200, 2000, 20000, ....

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS Unit 7 | Section 3

Each function in the previous scenario is in the form y = a(b)*. As b gets larger, the function grows
more rapidly. You can see this in the graphs below.
y =100(1.02)* y =100(1.2) y =100(12)*
500 500 500
0 5 0 5 0 5

11. The graphs in the previous scenario do not show any negative x-values. Without a calculator, recall
what you have learned about negative exponents and simplify each expression.

s b, 32 e () 0 ()

N
D

12. Graph the function y = 2*. Find in the table and then plot those 6

paints before you draw the curve. ;
X =2 =1 0 1 2 3 °
y

Lo
N
-

13« The graph of y = 2*is shown. On the right side of the y-axis, the y-values
increase rapidly and go off the graph. On the left side of the y-axis, the
y-Values get so small they approach O.

a. To help understand the left side behavior, simplify each
expression below.

N W S OO N

"

-8-7-6-5-4-3-2-1’(1) 1.2 83

273 = 27 =

b. What is the end behavior of the functiony = 2*?

Asx — 00,y — Asx — —oo,y —

c. For which x-values is 2* negative?

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS

Unit 7 | Section 3

Answer Key
1. a. y=x? b. y=x3 c. y=+/x 12}
2. a.2:2-2-2 516  b.27-3 - 81 ol
3. a.5-3-3:3 5135 b. 242 - 48 al
4 5!, 5%, 53 — . .
s a. 3-2,3:2%,3.2°,3:2%.. 0 8 4 0/4 8
' b. 2-10',2-10%,2-10°,2-10%... o
6. a. 3-2° b. 2-10° 6 | @ b.
7. a. 32" b. 2:10" 197
8a] a.y=3" b.y=3:2" c y=2-10* 10¢
a. 1 b. -8 c. 3(100) = 300 e
9. 1 —t :
d. 12(1) -3 -10 -5 0| 5 10
x=0-100, x=1-102, x=2-104 M
10.| x=0-100, x=1-120, x=2-144 -107
x=0-100, x=1-1200, x=2-14400
4 4
1 1 5\ 25 3 3
1. — — 3 =2 2
a. 7 b.9 2°—>38 d.(g)—>9 2/ \\2
(_2, %) ( ;) O, (O, 2) 2,49 3,98 17. 4 - Q[ 123 4 43 2 10%
9 -2 2
8 -3 -3
7 / a. 4 4
12. 5 l 4 5
4 3 4
3 2
2 1
18. 4 3 2\10 /2 3 4
‘\‘T\‘Q T )@ 43025
T 1 T 1 3 2
-3 _ _ -6 _ —
a. 2 ° = ? =3 2 ° = %= a. -4 3
Bsfp b. Asx > o0,y >0 Asx— —oo,y—>0 19.] a. y-axis b. x-axis c. x d.y e. both
c. Though 2" approaches 0, it never equals O a. b.
and never becomes negative.
14 .y=-3 b.y=4 cy=2
-y=0 b.y=— cy=5
15. _ N~
d y = 0; the graph is shn‘ted right 6 \\\
20. c
/ B

24
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GUIDED DISCOVERY SCENARIOS Unit 7 | Section 4
Exponential Growth & Decay

Exponential patterns are modeled by the function y = a(b)*. When the function increases to the right,
it is called exponential growth. If it decreases to the right, it is exponential decay.

Exponential Growth Exponential Decay
5 5.
4 4
3 3
2. 2.

/ \

5 -4 -3 -2 -1_(1) 12 3 45 -5 -4 -3 -2 -1_? 12 3 45
2 -2
-3 -3
4 4
-5 5:

1"Consider the function y = 100(1.5)*. As x increases, will the y-values increase or decrease? Why?

2. Consider the function y = 100(0.5)*. As x increases, will the y-values increase or decrease? Why?

3. In the function y = a(b)*, what b-values cause exponential decay?

4. Label each function as growth or decay.

a. y=6(0.98)* b. y=0.4(1.02)* c. y=9Q3)

5. Label each function as growth or decay.

a. y=0.81(0.6 + 0.6) b. y=9(1—0.3) c. y=4.03Q2—15)

6. Sketch a simple graph of each function. Does it model exponential growth or decay?

a. y=2" b. y=27%

© Alex Joujan, 2025 | summitmath.com
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15.
16.
1/.

18.

19.

20.

21.

GUIDED DISCOVERY SCENARIOS Unit 7 | Section 4

Percent Scenarios

An exponential function models repeated multiplication. The expression a(b)* means “a"” is
multiplied by “b" a total of x times. An exponential function can also represent percent scenarios.

In the expression 500(1.2), multiplying 500 by 1.2 increases 500 by %.
In'the expression 30(0.9), multiplying 30 by 0.9 decreases 30 by %.
Aideo has been viewed 24 times and the views increase by 50% every hour. After 1 hour, it has

24(1.5) views. After 2 hours, it has 24(1.5)(1.5) or 24(1.5)? views.

a. After 3 hours, it has views. b. After h hours, it has views.

The previous scenario can be modeled by a function: V = 24(1.5)", if Vis the number of views after h
hours. Suppose a business earns a profit of $700 this month and their profit is projected to double
every month. Write a function that models the profit, P, after m months of doubling.

A savings account has an initial value of $1,200 and grows by 4% each year. Write a function that
models the value of the account, V, after it has been growing for t years.

A painting is worth $4,000 in 2020 and its value increases by 12% each year.

a. Write a function, p(t), that models the painting’s value t years after 2020.

b. Graph the function on a graphing calculator and use the graph to determine when the
painting will be worth $7,000. To do this, graph the 2 functions below and find their
intersection point. Round to the nearest year.

y, = 4000(1.12)

y, =7000

A car is bought for $27,000 in 2010 and decreases in value by 8% per year. It is eventually sold to
someone else for $21,000. In what year was it sold for $21,000? Use a graphing calculator.

© Alex Joujan, 2025 | summitmath.com
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Answer Key

increase: multiplying by 1.5 makes the
y-values increase as x increases

decrease: multiplying by 0.5 makes the

1.

k=2 - y=a(b)+2
plugin (1,11) and (3, 3)

M=ab)'+2 - a=%
1

3=a(b)3+2—>a=b
2 l 3 2 1 1
b=b3—>9b =1 -b =§—>b=i?

1 " n 1 .
b= E} because “b” can’t be negative.

3

Multiplying by a negative number repeatedly
does not produce a continuous curve.

a=— 5a=27 y=27(%)x+2
3

k=4 ->y=a(b)+4
plugin (4,16) and (1,5.5)

2. .
y-values decrease as x increases
3. 0<b<1
4 a. decay (0.98 <1) b. growth (1.02>1)
’ c. growth (2.3>1)
a. growth (0.6 + 0.6 — 1.2)
5. b. decay (1— 0.3 — 0.7)
c. decay (2—15 — 0.5)
a. growth b. decay
6 / \
_——/ \
a. b =0.5; multiplying by 0.5 makes the y-
values decrease
\ q ,’
\[ [l [ ]/
7. T
MEELEE
a. ¢ =50 - x* =253 5 x =25
8. b. 54x =2x72 > 27x =x"? > 2/x = lz
X
273 =1- x3=%—> x=%
a. k = 3 (itis the horizontal asymptote)
b. 1=a(b)3—>a=bl 7=a(b)5—>a=§
b =4b’>b’=45b=42(b=2
9°¥ because “b” can’t be negative. Multiplying
by a negative number repeatedly does not
produce a continuous curve)
_1 — 1oy
d.a—8 e.y—8(2) +3
12 12 1
7 LN
o 3. X b e a1
' 61,2 100 1 _ 100
“T'875 B RS

16=a(b)4+4—>a=%
12. 55=a(b) +4 > a =%
1.5 12 4 ]
— =—7->15"=12b >b"=8->b=2
S T
a='7—>a=z y=Z(2)X+4
24="5 - 2407 =2
b
7=ab’ > 5=a
3 7 5 5 7
13. 224b =?—>224b =7 > b =53
5 _ 1 1
a=§—>a=%—>a=%—>a=28
() 4
y=a(b)* -3
plugin (=5, 15) and (=3, -1)
15=a(b)™> =3 > a=18b°
—1=a(b)‘3—3 - 3 =2b3
5 3 2 _ 1 1
14. 18b> = 2b _>b=§_>b=i§
b must be positive — b=%
3
— p3 _ (1 _2
a=2b —>a—2(3x) ~a=%
2 (1
r=3(3) -3
15. 20%
16. 10%
V7. a. 24(1.5)° b. 24(1.5)
18. P=700(2)"
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GUIDED DISCOVERY SCENARIOS Unit 7 | Section 5

Introduction to Compound Interest

When a scenario involves “simple interest,” the interest is added once a year. For example, if a $1,000
investment has an interest rate of 4%, its value will increase 4% per year. How much does it earn if it
is in the account for only 6 months? 2%? If the interest is only added at the year’s end, the investment
earns nothing if it is taken out of the account earlier. If that seems unfair, you will be relieved to know
that interest is usually added more often than once a year.

. For example, suppose a yearly interest rate is 4%, but it is added to the account 4 times a year. In this
case, the 4% gets split into 4 equal parts of 1% each. Four times a year, the account value increases by.
1%. This method of splitting a yearly interest rate into smaller parts is called compounding.

a. If theyearly interest rate is 8% and the interest is added to the account 4 times per year,

by what percent does the account increase each time interest is added?

b. If the interest rate is 3% per year and the interest is added 12 times per year, by what
percent does the account increase each time?

. How many times per year is interest added to the account if it is compounded as shown?

a. daily b. quarterly c. weekly d. hourly

. $20,000 is invested at an annual interest rate of 12%, compounded monthly.

a. What is the investment’s value after 1 month?

b. What is the investment’s value after 3 months?

524,000 is invested at an annual interest rate of 8%, compounded weekly. What is the balance after
20 weeks?

. Aninvestment of $13,500 has an annual interest rate of 6.45%, compounded quarterly. What is the
balance after 2.5 years?

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS Unit 7 | Section 5

6. When interest is compounded n times per year, the value of an initial investment after t years can be
modeled by the formula shown.

V=P (1 + %)nt V = account'’s after t years
P = (initial value)
r = annual interest (as a decimal)
t= in years
n = number of times the interest is each year

/..$10,000 is invested at an annual interest rate of 4.2%, compounded monthly. What is the balance
after 5 years?

8. ARiinitial investment of $1,000 has a yearly interest rate of 6% per year, compounded quarterly.

a. What is the value of the account after 1year?

b. By what percent does the account increase after 1year?

9.1Ifa yearly interest rate is 6%, but it is compounded monthly, the account increases by a little more
than 6% each year. Why does this happen?

10. $4/000 is invested in an account with interest compounded weekly. It grows to $6,000 in 3 years.
What was the interest rate? Round to the nearest tenth of a percent.

Continuously Compounded Interest

11. When interest is compounded n times per year, the effect is different for different n-values. Make a
guess. Is it better to compound the interest 4 times or 40 times per year?
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Answer Key

a. 0.08 +4=0.02->2%
b. 0.03 +12 = 0.0025 - 0.25%

13.

8760(1)

n=24-365 1(1+L) -8

8760

4.

e=272 e=272

15.

V=value P=principle r=rate t=time

16.

a. 03-30% b. 0.06->6% c. 4.03%

17.

V= 8,000e©00G) 5 $§11352.54

18.

1
V = 200,000e©%®GE) - $200043.84
V = 200,000e(0-08)Q0) 5 $990,606.48

19.

V = 125,000e(0-059G8) _5 4155 230.91

20.

Solve: 2500€°9%t = 5000
Find the intersection of y = 25009028t
andy = 5000 — (24.755, 5000)
It will double in 24.8 years.

21.

Solve: 2500e09%8t = 300000236
Find the intersection of y = 25000028t
and y = 3000e%023¢t — (41.437,7976.65)
Kyle's account will be larger than Linda’s
after 41.4 years.

22.

Solve two separate equations.
Equation 1: 6500e%%3%t = 10000
Find the intersection of
y = 6500693t and y = 10000
— (11.046,10000) — t=11.046years
Equation 2: 7150e%-9398t = 10000
Find the intersection of

y = 715009308t and y = 10000
— (10.892,10000) — t=10.892 years
11.046 —10.892 = 0.154 years
0.154(365) = 56 days
Joni reaches $10,000 first by 56 days.

2. | a. 365 b.4 ¢ 52 d. 24-365-28,760
a. 0.12+12 = 0.01 - it grows 1% per month
3. 20000(1.01) — $20,200
b. 20000(1.01)> - $20,606.02
0.08\%
4. =°
24000 (14+755-) - $24,749.35
2.5yearsis2.5-4 — 10 quarters
5. 10
13500 (1+ O'Of45) > $15,841.82
4 V =value P = principle r=rate
‘ t=time n = compounded
12)(5)
7 0.042
10000 (1+ =75) > $12,332.26
@M
2. 1000 (1 +%) > $1,06136
8.
b. W - 0.06136 — 6.14%
Each month, the account increases in value
by % of 6%. When the interest is added,
9. the monthly growth increases as well
because the interest added each month also
grows by % of 6%.
A 1 623
000 (15 6+ 5) = 6000
r r
10. —>(1+§) =1.5—)1+§:15§/ﬁ
p
~5= B8A5 —1- r=52(0.0026)
— r=0.1353 - therateis13.5%
1. 40 times
12} a. $10613.64 b. $10617.89  c. $10618.32

23.

_ ¢ _ L nt
a. V=P(+r) b. V—P(1+n)
c. V=Ppe't
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GUIDED DISCOVERY SCENARIOS Unit 8 | Section 1
Introduction to Logarithms

1. Ina previous lesson, you learned about exponential equations.
a. If3*=9, whatisx?

b. What is the exponent if 3* = 10? Make a quick guess.

If 3 =10, then x is 2.0959.... (the digits keep going). To find this value with a calculator, you need to
learn a new word, logarithm, which means the exponent that makes a base become a specific value.

2. Inthe expression 3%, the 3is a base and the 2 is an exponent. Identify the base in each expression.

—I 0.2x

a. 4° b. (=2)* C. (?) d. x° e. (x+2)

base: base: base: base: base:

Consider the statement 32 = 9. The exponent that makes a base of 3 become 9 is 2. Read each
statement below to see how the word “logarithm” is used to represent an exponent.

Using “exponent”: The exponent that makes a base of 3 become 9 is 2.

Using “logarithm”: The logarithm that makes a base of 3 become 9 is 2.

Using logarithm notation: logbase3of9is2 — log,9 =2

3.A logarithm is an exponent. To help you become familiar with the word logarithm, read each
statement below and its shortened form. Then, fill in the blanks.

a. The exponent (logarithm) that makes a base of 5 become 25is2 - log.25=___
b. The logarithm that makes a base of 3become 27is3 - log ___ =

c. Thelogarithm that makes a base of 4 become1isO0 — log =

4 The expression log,36 = 2is pronounced “log base 6 of 36 is 2." Practice this by completing each
statement below.

a. log,49 =2 - logbase70f49is
b. log,16 =4 — logbase  ofl6is_
c. log.1=0 -
5. Rewrite each logarithm statement in exponential form. The first one is done for you.
a. log:25=2 b. log;27 =3 c. log,1=0 d. log5=1
5% =25
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GUIDED DISCOVERY SCENARIOS
Switching Between Exponential & Logarithmic Form

Unit 8 | Section 1

To convert between exponential form and logarithmic form, use the circular relationship shown.

logarithmic form to exponential exponential form to logarithmic

¥\ 4
log.25=2 - 5 =25 4 =64 - log,64=3
A

. Each statement below is in logarithmic form. Rewrite it in exponential form.

a. log,36 =2 b. log,,1,000 =3 c. log,32=5

. Switch the form of each statement shown.

1 1
a. log,1=0 b. logg,9 = 5 c. log, (?) =-2

. Each statement is in exponential form. Rewrite it in logarithmic form.

a. 3¥=9 b. 2* =16 c. 10° =1,000

..Switch the form of each statement shown.

1
4

a. 47 = b. (0.5)>=0.25 c A®=C
Without a calculator, what is log,,(10)? Why?

Why is log, (1) equal to 0?

Without a calculator, what is the value of each expression below?

a. log,49 b. log 36 c. log,8
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Answer Key
1. a. 3=9 b. 3*' = 10 18. e~272
1 19. a. In10 b. n2 c. lne
2 la.4 b -2 B d x e x+2 20 3 lne = 1 b. In(e?) =2
) N . S o ah@39=2  boin(5)=-3
. log,1=0 e
a. log base 7 of 49 is 2 c. In(3009) ~ 57
4. b. logbase2of16is 4 2. a.10=13 b e=x c10"=x
c. logbase50f1is0 a. log(x) = 3.2 b. In7 = 4x
5. b.3F¥=27 c4=1 d5=5 > . log() =4
6.0 a.6°=36 b.10°=1000 «c 2°=32 3 B=x5x=8 b 5=x—>x=25
1 ,
70 am=1 b 82=9 c.x‘2=% 24 oY ek by 3
8: a. log,? ; Togm]OOOb.:l??gzm =4 5 | @ =8 - x =1 b x% =9 - x=38]
1 3 = =
9 a. log4z= =1 E log, :0.25 =2 T ® i.xxis i—g;(x_SS S
c. log,C=B %, 2 ]
10. log,,(10) =1 because 10" =10 b. log(100) =4x —» 2=4x - x = >
1. log, (1) = 0 because x0 =1 a. log,x=1 - '=x > x=7
a. log,49 = 2, because 72 =49 27.1 b. log,(x+3)=3 - £ =x+3 > x=6
2. b. log,36 = 2, because 6° = 36 . 3=27 > log, (2N =x - x=3
C. log28=3,because23=8 a. loggy=x—2 - log ,y+2=x
13. a. —1 b. 0 c. 6 8. b.y—2=7" - log,(y -2 = x
14. a. logl0 b. log37 . 2=x+6->2-6=x
15. a. x b. x c. —1 d.y+4=log,(x) - PHi=yx
16. a. logl=0 b. log(10,000) = 4 2 a. ') = log , () +2
o | logloo =2 b. log (%) =1 b. 5’1()0 =24+10
c. log63 ~ 1.8 30 a. f7 () = log(x + 6)

b. F7'(x) = e +3
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Introduction to Properties

1. In this section, you will learn about properties of logarithms. Before you discover these properties,
practice evaluating logarithmic expressions. Simplify each expression without a calculator.

a. log,?2 b. log, 49 c. logg1
2. Without a calculator, determine the value of each expression below.
1
a. log, (3—2) b. log,,(3) c. logg4

3. Before you learn about logarithm properties, try to recall 3 exponent properties: the Product Rule,
Quotient Rule and Power Rule.

a. Product Rule b. Quotient Rule c. Power Rule

7
X2 x% = % = (x2)3 _

The Product Rule for Logarithms

4+ The Product Rule for exponents is this: when you multiply like bases, add the exponents. For example,
x3 - x* =x3+% = x’. Use the Product Rule for exponents to simplify each expression.

a. Yoy = b. 3°-3= C. Sx~2-4x8 =

The Product Rule for logarithms also involves multiplying and adding,.
Two examples of the Product Rule for logarithms are shown.

log,(5) + log,(3) = log,(15) log, (8) + log,(5) = log,(40)

5. Even though you haven’t learned why this property exists, use the examples in the previous scenario
to guess the value of each expression below.

a. logy(5) +log,(2) = b. log.(4) + log.(6) = log.(__ )

67 T6'see why the Product Rule exists, fill in the blanks below and try to look for patterns.
a. log,4 + log, 8 b. log,( )=5

+

/. The expressions “log, 4 + log, 8" and “log, 32" both equal 5. Using the transitive property, it follows
that log, 4 + log, 8 = log, 32. Consider another example. Fill in the blanks.

a. log;9 + log,3 b. log,( )=3 c. log,9 + log, 3 = log,( )

+
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Answer Key
1. a. 1 b. 2 c. 0 20
] 5 a. log, (T) - log,5
2. a. =5 b. = c ¥ 22, b
3. a. x" b. x* c. x® b. log (T) — logg6
o a. log,(5-2) - log,(10) 5 log7( 24) > log7 - 1
b. log.(4-6) — log.(24)
5 5 200
6 2 2+355 b 3 24. b. log(<5=) ~ logi00 ~ 2
7 a.2+1->3  b.27 2 c logg(f_o) - logg2 —
8. a. log, 20 b. log. 14
o. lOgb XY 25. a [og3 (%) b [og4 (X f 6)
10{| a. log,30 b. log;2A  c. log100 - 2
X
1. log, X + log, Y 26. log, (7 = log, X — log, Y
a. log, 6 + log, x a. log.x—log. 5 — log.x — 1
12. b. log; 9 + log, f —» 2+ log, f 27. b. log, 36 —log,y = 2 — log,y
c. log,4+log,y » 1+log,y c. log,1—log,w —» 0—log,w - —log,w
a. log; 25 + log a + log, b 58 a. logx — log10® - logx — 2
3. = 2+ logsa+logsb ' b. lne —lny - 3—Ilny
b.ln7+lne » In7+1 59 l % — 5 32_)( _18
c. log100 + log10* — 2+ x ' 083 (7)_ R
14. a. log, (6x) b. log, (x* + 5x) 36 _ 3_ 36 _4
3 4 . alogg(m)—3—>3—m—>m—3
3 - -
5.0 log (0 =3 2P =5 > x=2 0. b log,(3t) =1 =3
a.log4(8m)=2—>42=8m—>m=2 2 5=3-—y->y=-2
—_ = 1 = —_ _ _
16. b. log, (4y — 8) 111 - 3 =4y—-8 a. log, SXX) 393 3Xx
—>y=Tor2.75 1 3-x
- g = - 8B —x) =x
log,(x* —=3x) =1 » x¥* —3x=4 X 8
> x*=3x—4=0 > x—HKx+N=0 31 - 28-8=x o x=7g
- x=4 or —1 1
b. log (27-5) =-1 — log (3) = -1
17. Check the solutions with the original B ( 9) &) .
equation. Although factoring produces 2 S>x'=3 -5 —-=3->5x= 3
solutions, x = 4 is the only valid solution 2x 2
! ! 2. 6 / 2% +2 3x2 <6x
because log, (1) is undefined. 2] a x b. 27 z . x* . d. 5 -
log, (@ +50 =1 > X+ 5x= 6 3] & 3;{ ( )b' 2Xb - C'(j)' > jl' 3(7)
> X 4+5x—6=0 > (x—=Nx+6)=0 34| & SOB $ 208 ¢ Toelz
. d. Slog(w)
18. - x=1—-6 - checksolutions ol M
x = Tis the only solution, 3> 0g,(M)
because log, (—6) is undefined. 36, a. 2log; () b. 3log ()
6 log,(2)  d. Blog(10)
19 You can subtract the exponents when you ¢ X8, - Blo8 :
' divide like bases. 37.] a. log,(5°) b.log,()’) <. log, (49 /2)
5 18 10
20 d. X b. x C)‘( 3x o a. log(x’)  b. log,(y*) = 4log,(y)
21. — = = ‘ 1 1
log, X —log, ¥ logb(y) c. log, (7/3) - 5log,(7)
39.

1 1
b. 493® 5 4977 5 7
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Simple Logarithmic Equations Part 1: log  (X) = Y

1. When an equation has the form log, (X) =Y, you can often solve it by switching from logarithmic to
exponential form. Switch each equation to exponential form. Do not solve the equation.

a. log (4) =2 b. log (x+2) =2 c. In(2x)=5 d. log(5x+1) = -2

2. Each equation shown needs one more operation done to isolate log, (X), to make it log, (X) =Y.
Perform this first step and then switch forms to isolate x in each equation. Simplify the result.

-3
oz, x — |
084 X

a. log,(x) +12=10 b. 2log,. x =1 C.

Check solutions when solving logarithmic equations.
The expression log, (x) is undefined if x < 0. For example, log,(0) and log,(—9) are undefined.
Logarithms with negative bases are also undefined. For example, log_,(4) and log_,(9) are undefined.

Advanced Logarithmic Equations Part 1: log (X) =Y

3. Each equation shown is one step away from this form: log, (X) =Y. Apply what you have learned
about properties to solve the equation.

a. log,(x) + log,(5) =2 b. log,(2) — log,(x) = —2

4. Solve each equation.

a. log,(3) + log,(x—2) =3 b. log.(2x + 3) —log.(x) =0
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Advanced Logarithmic Equations Part 2: log, (X) = log (Y)

10. Each equation shown is one step away from this form: log ,(X) = log, (Y). Apply what you have
learned about properties to solve the equation.

a. logg(6) + logg(3x) = logg(9) b. In(x) —n(3) = In(5)

HeSolve each equation.

a. log,(x) + log,(5) = log,(2x + 21) b. log(3) — log(x —7) = log(6)

12. solve each equation.

a. log(24) — log (x —2) = log.(x + 3) b. ln(3x2 — 8) = [n(5x)

Logarithmic Equations Part 3: log _(X) = log (Y)

13. Consider this equation: log,(x — 3) = log,(16). Since the bases are different, how can you solve this
equation? Think about it briefly and then keep reading.

You can solve the equation if you can make the bases equal. To learn how to change a base,
consider each expression below. Use a calculator to find the value of each expression.

log,(3) log, (9) log,5(3%) log 5(V3)
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Answer Key
: a.52=4)( b. x> =x+2 C. e’ = x a. x=7 b.x+5=2x—4 - x=9
' d. 107° = 5x +1 8. c. X} =36 > x=16
a. subtract 12— log(x) = —2 All solutions are valid when checked.
5 Y a. x>—9% =10 - x*—=9x—=10=0
o7 Ex o= 49 9 - x=10o0r =1 Both solutions are valid.
b. divideby2—>log25x=% "I b.x*+8=108 - x* =100 — x = 410
2. 1 Both solutions are valid.
- 252 =x- 25=x- 5=x 1
c. multiply by log, x - —3 = log, x ol log, (18x) = logg(9) = 1Bx =9 = x =5
—>4_3=)(—)Xz61—4 bln( ) n(5) ——5—>X—15
a. Product Rule - log,(5x) =2 a. log,(5x) = log,(2x + 21)
2 16 - 5x=2x+21 - x=7
- 4°=5x - x =T 1. 3 3
3 _ 5 b. log (x — 7) = log(6) — 5= 6
b. Quotient Rule J og, () = -2 > 3= 6x—4)> 45 = 6x > x =175
> 67== 5 x=Nn 24
X a. log, (m) = log:(x + 3)
a. log,(3(x 3)) 37 log,(3x=6) =3 ﬁ%—x+3az4—(x+3)(x_z)
D2 =X—6ox=7 524 =X +x—6 > 0=x+x—30
b. log (2x+3)=0_)50=2x+3 > 0=(x+6)(x—5) » x=—6o0r5
4 52x + g( X ” - log.(—6 —2) - log.(—8) is undefined,
D l=—F— 2 x=Xx+3->x=-3 ' so the only solutionisx = 5
Check the solution: log. (—3) is undefined, b.3x*—-8=5x - 3xX*—-5x—8=0
so the equation has no solution. S GBx—8)(x+1) =0 x= %or 1
1 . .
a. log27()<2 +2x) = % - 273 =x2 4+ % - In(5(=1)) = In(=5) is undefined,
->3=x+2x > 0=x*+2x—3 sotheonlysolutionisx=%
o =T - x=—3ort All4 i [t01.58496
Since log27(—3) is undefined, 13. expressions are equal to 1.
the only solutionisx =1 14. | a. logy(25) b. log,,(49)  c. log:(3)
2) _ - —
5. b. logm(xz) log, (25) = 12 151 a. logg, (36) b. log, (%) c. log,(5)
X -1 _ X
- logm(g) -1 - 16" =5 a. log,x=log,7 —» x=7
T X2 B , 25 b. logy(x +5) = logy(4) — x = -1
- E_Esﬁ 16" =25 = x : —16 c. logg(x*) = logy(25x) — x> = 25«
x=1%7 - log,, (_Z) is 16. - x> =25x=0 - x(x*=25)=0
) L 5 - x(x+5)(x—=5)=0 > x=0,50r-5
defined, so the only solut == !
undefined, so the only solutionis x = 7 > log, (0) and log, (—125) are both
2 . S
a. switch forms: 83 = log, (x) - undleﬂne1d(3 el thet!)orlﬂy s;)lutlon |slx ;55.
—>4=log3(x)—>34=x—>x=81 : a. log,(10) . log(3) ¢ In(75)
1 18.] a. 1996 b. 3.011 «c. 54598 d. 1.414
6. b. switch forms: 164 = log (9) 7¢=59 - x=log,(59)
- 2=1log(9) - x¥*=9 > x=43 19. b.e=3 - x=1In(3)
— A logarithm’s base must be positive so c. 14 =10 - x = log(147)
the only solution is x = 3. Solve: 300 = 200(1.03)™ — 1.5 = (1.03)™
7. If log, (X) = log, (Y), thenX =Y. 20. - m=log, ;(1.5) - m=13.717

The population is 300 after 13.7 months.
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GUIDED DISCOVERY SCENARIOS Unit 8 | Section 4
The Graph of a Logarithmic Function

1. You can use what you know about exponents to draw a logarithmic function’s graph. First, recall the
exponential function y = 2*. Find the output for each input shown.

a. x=-—1 b. x=0 c. x=1 d x=2 e. x=4
y=2_1 y=2o
y= y=

27Now consider the function y = log, (x). Find the output for each input shown.

a. x=0 b.x=% c. x=1 d x=2 e. x=4
y = log,(0)
y:

3. The functionsy=2"andy = log, (x) are inverses. They show the same information, but in different
ways. Both functions are shown below in separate graphs. In the third graph, draw both functions.
Plot the same 4 points that are shown before drawing each curve.

=2 = log, (x)

y=2 y = log,(x

5 |I 5 5

D d Vd

e
A Y. A
4 4 4 ve
/7
3 3 3 7
Ve
2 2 /‘4: 2.
r'4 = < d
1 7
s
7/

-4 - 0 3 4 5 5 -4 2 0 2 4 & 4 149 2 3 4 &

1 1 1

7/
2 2 7 2
7/
3 3 4 3
/7
4 4 4 4
/7
5 5 7 5
/7

The graph of y = 2* has only positive y-values because no exponent makes a positive base either O or
negative. The graph of y = log,(x) has only positive x-values for the same reason.

4 Write the domain and range of each function. Then, identify each intercept, if it exists.

a. y=2 b. y=log,(x)
domain: range: domain: range:
x-intercept: y-intercept: x-intercept: y-intercept:

5. The graph of y = 2" has a horizontal asymptote along the x-axis because no x-value makes 2* negative
or 0. The graph of y = log, (x) has a vertical asymptote along the

What is the equation of the vertical asymptote of y = log, (x)?
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Answer Key
a.y=% b.y=2"=1 cy=2'=2
dy=2=4 e y=2"=16

a. log,(0) is undefined

1
b. log, (7) = -1
d. y=log,(2) =1

c. y=log,(1) =0
e. y=log,(4) =2

/

7
’

7|
4

S P w B

h oA b AR

7
/

’

a. domain: (—oo, )

X-intercept: none
b. domain: (0, )
x-intercept: (1, 0)

range: (0, o)
y-intercept: (0, 1)
range: (—oo, o)
y-intercept: none

Unit 8 | Section 4

5. y-axis equation:x =0

a. Changing x to “x — 3" moves the function
right 3. The vertical asymptote is x = 3. . .

b. shift left 7: x = —7 € 4f-2 of 2

c. shiftright4:x =4

a. y= logz(_%(x - 1)) - shift right 1

The vertical asymptote is x = 3. C.
b.y= log2(7(x + 2)) - shift left 2
7. vertical asymptote: x = —2

c. y=log, <4 (x - %)) + 6 — shift right% \

verticalasymptote:x=% RN > 3 3 2 No| 1 2 3
a. (x—75) — shiftright5 \

The vertical asymptote is x = 5.
b.y= logz(—(x - 4)) - shiftright 4 10.
8. vertical asymptote: x = =2

c. y=log,(—x+2) +3
y= logz(—(x - 2)) + 3 = shiftright 2
vertical asymptote: x = 2
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