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INTRODUCTION

Learning math through Guided Discovery:
Guided Discovery is designed to help you experience a sense of discovery as you learn each topic.

Why this curriculum series is named Summit Math:

Learning through Guided Discovery is like hiking. Learning and hiking both require effort and
persistence and people naturally move at different paces, but they can reach the summit if they keep
moving forward. Whether you race rapidly through the book or step slowly through each scenario,
this textbook is designed to keep advancing your learning until you reach the summit.

Guided Discovery Scenarios:

The Guided Discovery Scenarios in this book are written and arranged to show you that new math
concepts are related to previous concepts you already know. Try each scenario on your own first,
check your answer when you finish, and then fix any mistakes, if needed. Making mistakes and
struggling are essential parts of the learning process.

Homework & Extra Practice Scenarios:

After you complete the scenarios in each Guided Discovery section, extra practice will help you
develop better memory of each topic. Use the Homework & Extra Practice Scenarios to improve your
understanding and to increase your retention.

The Answer Key:

The Answer Key is included to give you teacher-like guidance. When you finish a scenario, you can get
immediate feedback. If the Answer Key does not help you fully understand the scenario, try to get
additional guidance from another student or a teacher.

Find more resources at:
www.summitmath.com
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GUIDED DISCOVERY SCENARIOS

cUIDED DISCOVERY

SCENARIOS

JLENANIES

The Guided Discovery Scenarios are designed to help you experience a sense of
discovery as you learn. Explanations are brief and carefully timed to allow you to build
your learning at a comfortable pace. The Answer Key supports your learning by giving
you immediate feedback and helping you understand each step before moving on.

As you complete each scenario, follow these steps.

Step 1: Try the scenario.
Read the scenario carefully and try to work through it. Be willing to struggle.

Step 2: Check the Answer Key.
The Answer Key can guide you through the scenario, show you new ideas, or help you
find mistakes in your steps.

Step 3: Fix your mistakes, if needed.

Mistakes are learning opportunities. If your result does not match the Answer Key,
check your work and look for errors. If you still need guidance, seek help from a
classmate or teacher.

When you are ready, try the next scenario and repeat this cycle.
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GUIDED DISCOVERY SCENARIOS
Section 1

Sine, Cosine & Tangent

Use this page for taking notes or anything else that helps you learn.

SAMPLE PAGES
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 1
Reviewing Sine, Cosine & Tangent Ratios

. In a previous lesson, you learned 3 ratios: sine, cosine and tangent. An acronym
for remembering them is SOH CAH TOA. Use this acronym and the right triangle

shown to define each ratio. Represent each word with its first letter. §
@]
)
a. sin(x®) = b. cos(x°) = c. tan(x®) = g

adjacent: A

. Use the labeled triangle to identify each ratio.
a. sin(x°®) b. cos(x°) c. tan(x®)
10

8

]

6

. In the previous scenario, the tangent ratio is g but the side lengths are not 4 and 3. They are 8 and'6,

which have a ratio of 4 to 3. Consider the triangles below. Each has a tangent ratio of 1to 2 or %

1 ~ Jms ~ 2

2 3 4

Since the triangles have the same side length ratio, they are similar triangles and they have the same
angle measures. Estimate the measure of the angle labeled x.

. Ifyou know an angle’s trig ratio, you can use a calculator to find the size of the angle. If tan(x°) = 0.5,
then x is the “inverse tangent” of 0.5. Using more concise notation, x = tan~'(0.5). Use a calculator to
evaluate tan~'(0.5) and the expressions below. Put the calculator in degree mode (not radian mode).

a. tan~'(1) b. sin™'(0.5) c. cos~'(0.5)

. If you know one of the sides of a right triangle and one of the acute angles, you can solve a trig
equation to find another side length. Use a calculator to solve each equation shown.

a. tan(41°) =§ b. sin(0.5°) =§
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 1

Answer Key
() = OPP: oy = 21 TR L
: a. sin(x°) = . - coség ) = T S ¥ 46
b. tan(x°) = EJ—' 10
N8 4 NI The plane’s angle of depression, x, equals
, re sin) =g5=5 b cos() =g5=3 121" the angle of elevation, x, looking up from
b. tan(x®) = 8_1 the ground.
3. Around 30° Solve tanx® = o = X= tan™ (m) = 3.1°
P tan™'(0.5) =~ 26.6° The plane’s angle of depression is 3.1°.
' a. 45° b. 30° c. 60°
a. 4tan(41°) = x » x =~ 3.48 1,000 h
5. . . ___ 8 N
b. ysin(0.5°) =8 - y = Sn05% ~ 916.7 | |
[ a. x= sin‘1(0.105) ~ 2.87° B, '5,000 '5,000
' b. x = cos™ (?) ~ 70.53° I I
. h s
a. tan(25°) _7 xtan(25°) = 7 Solve: sin33° = 900 h =1000sin(33°)
Yy — h = 544.6 ft - 544.6 + 5000 = 5,544.6 ft
7 T X T @Enese) ~ U501 The elevation at the top is 5,545 ft.
o) — 1.8 — =l 1_8 9 o
b. cos(x)——3~ — X = CO0S 4(3)~53.1
oy _ OPP. opp. _ —
a. tan(x®) = = - =3 3 = Opp. 4
3+42=c> hyp.=5
ooy Opp. _ 4 &
sin(x®) = T O K
3. - i X 200 - x
bcos(y°)=ﬂ—>ﬂ=ﬂ—>ad'=16 4
: hyp. 20 5 J 141 The height splits the triangle’s base, 2Q0;
16° + b2 = 20> > opp. = 12 into 2 parts, “x" and “200 - x".
)= oPP. _12_3 o100 100 .
tan(y)—adj.—%_— tan32° = — > X=5nEe x = 160
Solve: Sin68° = S To find Kyle's angle of elevation, solve:
' /.25 100 _1 (100

9= ¥ = 7.255in68° = 725/ |, tank® = 75 > K =tan™ (35) = 68.2°
- y= 6-,72 ft 63° Kyle's angle of elevation is 68.2°.
The post’s height is 6.7 ft. 3 = btan20° a = (b— 4)tan45°
Solve: sin50° = 1 15.|  btan20° = (b — 4)tand5® - b = 6.289

L 14 L /500 - a=2289
b d = —=—CAo\

10. sin(50°) tan50° =2 tan70° = —y30
Lo sl 14 y = xtan50° * y=(x— g(O)tan70°
The ladder’s length is 18.3 ft. 16. | xtan50° = (x — 30)tan70° — x = 52.981

MX - y =(52.981)tan50° — 63.1feet
ox The tower’s height is 63.1 feet.

n.

Solve tanx® = % - x=tan™ (%) ~ 4.76°
The ramp’s angle of elevation is 4.8°.
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 2
4. Usea point to mark the approximate location of each angle on the circle. The first is done for you.

a. 30° b. 45° c. 60° d. 120°

c O DO

5. Usea point to mark the approximate location of each angle on the circle.

a. 210° b. 270° c. 135° d. 330°

c O D

Angles in Radians
A circle’s radius can also be used as a unit for measuring angles

6. Start at 0° and move around the circle a distance of 1radius length. This r
distance is highlighted on the circle shown and labeled with an r. How many
radius lengths form a complete circle when connected end-to-end? Make a
quick guess.

| From now on, the phrase “radius length” is replaced by the word radian.

T retakes slightly more than 6 radians to form a circle. What is the mathematical word for this length?

The distance around the outside of a circle is called the

8. Acircle’s circumference is 21tr or 21t radians. The formula C = 2mtr shows that a circle’s circumference
is:2m radius lengths. What is the value of 2m, rounded to the nearest tenth?

9. The length represented by 1radian is highlighted on the circle shown.

Y\
\)Q\.Qe

a. Acircleis 360 degrees. A circle is also radians.

b. How many radians form one-half of a circle?

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 2

10. What fractional amount of 180° is each angle shown?

a. 45° b. 30° c. 60°

360° = 2t radians 180° is it radians 920° is%ofnﬁgradians

11. convert each angle below to radians.

a. 45° b. 30° c. 60°

12. Write the 13 multiples of 30 from O to 360. The first 3 are already written. Continue the pattern.

0, 30, 60,

13. Now write the 13 multiples of % from O to 2m.

a. The first 4 are already written. Continue the pattern, and do not simplify the fractions.

On In Zm 3m
6’6" 6" 6"

b. Rewrite the 13 multiples of g from O to 2m. This time, simplify the fractions.

14...\Wiite each angle below in radians.

a. 90° b. 45° c. 30° d. 60°

15. The figure to the right shows a circle, split into equal sections.

At the tip of each segment, write the angle in radians.

Oo
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GUIDED DISCOVERY SCENARIOS

Unit 9 | Section 2

Answer Key
1. a. 180 b. 90 C- 45 d. 30 C. 3‘]50ﬁ 7 . 45 ﬁ 7 . E ﬁ 7_T[
a. 30°, 60°,90°,120°, 150°, 180°, 210°, 240°, 4 4
2. 270°,300°, 330° 20. m+10- 3
b. 45°,90°, 135°, 180°, 225°, 270°, 315°
o o o o o o o o 20 1 M 18 1
30°, 45°, 60°, 90°, 120°, 135°, 150°, 180°, 2 135 §(One—n|nth) b. 80 .70
3' o o o o o o o 21
210°, 225°, 240°, 270°, 300°, 315°, 330 36 1 g
K\R r*\ ¢ 180 5 " 18
T T T T
4. 1 k/ ) kJ d{} 22. a. % b. m C. 7 d. §
- - : o T 20 T .
i f\ f\ /o’\ f\ a. 201 —>2O-m—>710%—>7§radlans
: 0 LA L SN L IS
3 kj b. \,/ . \\J d k/‘ 23.| b.70-1° = 70 80~ 180 T8 radians
6. a little more than 6 c. 21-1° = 21 % - 12;—15 - é—gradians
7. circumference 180° 130°
8. 6.28 > 6.3 24. a. T - 18° b T - 10°
9. a. 2mradians b. 1m — mradians D
S REC
. . Z . g . § o
25, b. 20899 _ 5309y - 150°
1. a. loth SN b. th - I ¢z 7(186O°)
4 4 6 6 3 . =3 > 7(60%) > 420°
D 0, 30, 60, 90, 120, 150, 180, ~ -
: 210, 240, 270, 300, 330, 360 %.| a 36110 S T14.6° b. % - 1358
Om I 2m 3m 4m 5m 6m T 180°
?l ?l ?l ?/ ?I ?I ?l 27 a. 200 b g' T =l 300
7n g om Tom T L o
13 6" 6' 6 6’ 6' 6 JELPLI NS
' bo T T T 2m oW, 28. 1180° " 60°
. 161 3/ 21 31 6/ Il b_—'— _)__)19.10
7m 4m 3n S N
6' 3" 2" 3" 6’ 29. a. = b. X X d =
14. da. 7 b Z C. g d g ST 81t 41T
: a. 150° = 5-30° = & b.240°—>?—>?
Write these angles: 30. 3 T
15. EEEZ_nS_nn7_n4_n3_nS_n11n C135°—>T d.330°—>?
6'3"2" 36" " 6" 3" 2" 3" 6
. 0, 45, 90, 135, 180, 225, 270, 315, 360 3] aQl b Q4 cQ dQ3
on n oo 3n an smoen s | |5 | 1} L) L) )
- 44 4 4 4 4 4 4 g ‘ \\ka/J U/ d\.~j
bOEE3_1Tn5_T[3_1T7_T[2T[ d. - c. :
. 141 2/ 41 1 41 2/ 4/ f\ f‘\ f/-\
33.
2. 120260 52T > 2 o/ N\
b. 210°—>7-3o—>7-%—>%“
18.
300°>5-60 » 5+ % 21 *
c. - 73T g a. b. C. d.
d. 330°> 1130 » 11- % 5 T
6 6 35
N a. 135°—>3-45—>3-%—>37“ a. b. .
’ b 2250_) 5 . 45 N 5 -%—) STT[ 36 a. 60 - 360 d _3000 b _2100

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS

The Unit Circle

Use this page for taking notes or anything else that helps you learn.

SAMPLE PAGES

© Alex Joujan, 2025 | summitmath.com

SADVd J1dWVS

21



10.

11.

. Now that you know two trig ratios for a 30° angle, consider a 60° angle. Use the

GUIDED DISCOVERY SCENARIOS Unit 9 | Section 3

. After reviewing special right triangles, look at each type separately. Use the

30-60-90 triangle shown to identify these trig ratios. 2x

a. sin(30°) b. cos(30°)

. To help you remember them, restate the simplified form of these 2 ratios.

a. sin(30°) b. cos(30°)

previous triangle to identify each trig ratio shown. X

a. sin(60°) b. cos(60°) 3

«To:help you remember them, restate the simplified form of these 2 ratios.

a. sin(60°) b. cos(60°)

. What are the ratios for a 45° angle? Use the 45-45-90 triangle to identify them.

a. sin(45°) b. cos(45°) X

Torhelp you remember them, restate the simplified form of these 2 ratios.

a. sin(45°) b. cos(45°)

New that you have used special right triangles to discover the sine and

cosine ratios for 30°, 45° and 60°, consider two more angles, 0° and 90°. o
What does a right triangle look like if its base angle is 0°? What about 90°? n
Use the right triangles shown to help you evaluate these ratios.

a. sin(0°) b. sin(90°)

cos(0°) cos(90°) 90°

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 3

12. You have now discovered sine and cosine ratios for common angles from 0° to 90°.

12 V3

In ascending order, the ratios are O, 55 1. Try to recall the ratios shown.

a. sin(30°) b. cos(45°) c. sin(60°) d. cos(30°)
(0,0)

It is easier to remember these ratios when you notice patterns. First, notice how the sine ratios can be
written in an un-simplified form that shows a simple pattern.

sin(0°) sin(30°) sin(45°) sin(60°) sin(90°)

simplified » 0 -12- g g 1
o VO V1 V2 V3 V4
un-simplified — 3 > > > >

13: Try to recall the cosine ratios. Write them in both their un-simplified and simplified form.

cos(0°) cos(30°) cos(45°) cos(60°) cos(90°)

14. The cosine ratios are also the sine ratios, but they match up with different angles. Fill in each blank to
show which cosine ratio matches the given sine ratio.

a. sin(30°) = cos( ) b. sin(60°) = cos( ) c. sin(0°) = cos( )

Building the Unit Circle

1v2 V3

The ratios 0,5,7, > 1can be arranged on a circle with their corresponding angles. The next
scenarios will show you where these ratios are on a Unit Circle, a circle with a radius of 1 “unit.”

15~ Each line segment shown has a length of 1 unit and an endpoint in Quadrant 1. Use special right
triangles to find the coordinates of each endpoint.

a. b. C.

© Alex Joujan, 2025 | summitmath.com



GUIDED DISCOVERY SCENARIOS Unit 9 | Section 3
Grouping the Sine Ratios

30. Thereare 16 angles on the Unit Circle but only 5 sine ratios: O%?? 1. They are easier to recall

when sorted into groups by reference angle. In each figure, 4 Unit Circle angles with the same
reference angle are shown. What reference angle is represented in each figure?

a. b. C.

31. Fifst consider angles with a reference angle of either 0° or 90°. Using “sine is y," identify each ratio.

ar’sin(0°) b. sin(180°) c. sin(90°) d. sin(270°)

AU
o D D D

32. Now consider angles with a reference angle of 45°. Identify each ratio.

a. sin(45°) b. sin(225°) c. sin(135°) d. sin(315°)

(SZJ CPRRRNPRIRSS:

33. Knowing an angle’s sine ratio is its y-value on the Unit Circle can help you remember which ratio is %

a. Which angle has a smaller y-value on the Unit Circle: 30° or 60°?
3,
=

b. Which numberis smaller: % or

c. Which ratiois %, sin(30°) or sin(60°)?

© Alex Joujan, 2025 | summitmath.com



GUIDED DISCOVERY SCENARIOS

Unit 9 | Section 3

Answer Key
1. a. xv3 b. xv/2 6 <\/§ \/§> \/_ ) (1 \/§)
. =, = ==.,5] cl(5,=
a. shorterleg: 1 longer leg: /3 22 2 2 2' 2
2. b. longer leg: 5v3  hypotenuse: 10 o (V31 o (V2 V2 .. (113
30°: 7,5 45% | 55| 60%: (5,5
c. leg:2  hypotenuse: 22 7.
6 3_ 643 °: (1,0) 90°: (0,1)
a. shorter leg: 24/3 - == =23
& BB 3 18. a.¥—>08 b. O6—>O6 c. (0.8,0.6)
3. hypotenuse: 4/3 X vy, )
19. a. 37X b. 5 c. (xy
b. both legs: 3v2 — % g 6f= 3V2 ! = 1~
] ] A 20. a.cos(30°) = 73 b.sin(30°) =5
a. shorter leg: 5 longer leg: E-\/§—> 5 o
2 1 3 a. sin(0°) =0 sin(30°) =§ sin(45°) = 5
b. both legs: ﬁ ' E = 7 \/§
. 1 NG ” sin(60°) = > sin(90°) =1
5. a - V2 y° :
w32 b 7 2 b. cos(0°) =1 cos(30°) =\/—2§
oy ] o _ V3
6. d. Slﬂ(30 ) - j b COS(30 ) —_ 7 COS(450) — g COS(6OO) =% Cos(goo) — O
a. sin(60°) = i _ V3 22.| a. quadrants2&3  b. quadrants 3 &4
Z 12 23. angles between 90° and 270° (Q2 & Q3)
b. cos(60°) = ﬂ =5 R y
0, 143
8. a. sin(60°) = > b. cos(60°) =5 (2,8
L
9.1 sin(45°) = cos(45°) = _\/f = % ‘/—3 = g 24. )
10. sm(45 ) = cos(45°) = 72 :
. . . Ja,0
a.sin(0°) ===0  The adjacent side 5 2 Q12 b Q14
- equals the hypotenuse so cos(0°) ———1 6. Q2 b.Q3 c Q3 dQ e O3
b. The opposite side equals the hypotenuse 27. a. negative b. negative
so sin(90°) = % =1 cos(90°) = % =0
5 a. sin(30°) =% b. cos(45°) = g
c. sin(60°) = g d. cos(30°) =%
13. 1 B Q 1 0
2 2 2 a.
a. sin(30°) = cos(60°) 28.
14, b. sin(60°) = cos(30°)
c. sin(0°) = cos(90°)
22y (B LE]
*\722 \22) 272
30-60-90 triangle — Since the hypotenuse
15. 73
b. «

. 1
is 1, the legs are 5 and >

45-45-90 triangle — hypotenuse: 1, legs: g

© Alex Joujan, 2025 | summitmath.com
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Tangent & Reciprocal Ratios

r anything else that he

lps you

learn.

SAMPLE PAGES

SADVd J1dWVS

33



34

GUIDED DISCOVERY SCENARIOS
Common Tangent Ratios

Unit 9 | Section 4

1. In previous scenarios, the variable x has been used to represent an angle. For example, if sin(x) =1,
then xis 90°. Another common variable used for angles is 8. The symbol 8 is spelled “theta” and
pronounced THAY-tuh or THAY-duh). Determine the value of 8, in degrees, for each ratio shown.

a. Ifcos(@) = % then 8 =

Z«You can find the tangent ratio for a given angle using the equation tan(6) = %.
tangent ratio for the marked angle in each triangle shown.
a. b. C.
2
xV2 , g
X X\/§ X
[ = xV3
X X

b. Ifsin(@) = —%, then 6 =

Find the

These are the tangent ratios for the 3 common angles in Quadrant 1.

tan(30°) = g tan(45°) =1 tan(60°) =+/3

3. Now consider the tangent ratios for 0° and 90°.

a. Aright triangle with a 0° angle has an opposite side length of O so

its tangent ratio is % What is the value of the fraction % ifn# 0?
tan(0°) =

b. Aright triangle with a 90° angle has an adjacent side length of 0 so the
tangent ratio is % What is the value of the fraction % ifn# 0?

tan(90°) =

© Alex Joujan, 2025 | summitmath.com
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GUIDED DISCOVERY SCENARIOS Unit 9 | Section 4

4. Itis easier to remember tangent ratios if you connect them to something familiar. To help you with
this, consider the figure shown.

a. ldentify each ratio.

cos(60) sin(0) tan(9)

b. Given the values above, tan(0) =

5. Gonsider the previous diagram again.

a. The slope of the hypotenuse is and tan(@) =

b. What can you conclude about the tangent ratio?

tangentis

An angle’s tangent ratio is the slope of the angle’s terminal side. On the

Unit Circle, there are 5 tangent ratios (5 slopes): O, ‘/3— 1,v/3, undefined. You can sort them by
reference angle.

6. First consider angles with a reference angle of either 0° or 90°. A horizontal line’s slope is and a
vertical line’s slope is . Use “tangent is slope” to identify each ratio.
311
a. tan(0°) b. tan(180°) c. tan(90°) d. tan =5+

G e b

/. Consider angles with a reference angle of 45°. Earlier, you used a 45-45-90 triangle to discover that
the tangent of 45° is . Use "tangent is slope” to identify each ratio.

a. tan(45°) b. tan(225°) C. tan 3“ d. tan(315°)

Z N @

© Alex Joujan, 2025 | summitmath.com

35



42

GUIDED DISCOVERY SCENARIOS

Unit 9 | Section 4

Answer Key
1. . 60°or300° b. 210° or 330°
2 al (45 = X al 19. a. % — undefined b. cosf = % -0
a. tan(45°) =—=1
X 1
. sin(30°) = 5 °) =2
N b tan(60)——ﬁ=\/§ a sm(SO)Jj 2—>csc(30)2
C tan(30°)=—=i=§ 2% b. cos(45 )=7 — sec(45 )=\/§—>\/§
x3 V3 3 ’ NE]
0 R c. tan(60°) =+/3 = cot(60°) = =
3. . —is0 b. & is undefined
nh g > Undeting d. cos(90°) =0 - sec ( > ) is undeﬁned
A B _
. a cos(G)—T—A S|n(9)—T—B -%5450 __)\/—
' B sin(6) by V2
b. tan(@) = X c. tan(f) = os(@) : 23
i 5 5 b. 180°,6—>undef|ned C. 6O°;T
rise . .
@ T A b. Since the slope|sKand 2. 3. 135° b. 270°
b tan(@) = %, an angle's tangent ratio is the 3. a. 240° - 4?1'[ b. 315° — 7TT[
slope of the line slanted at that angle.
horizontal slope: O 24. a _% b. _g
6. vertical slope: undefined
a. 0 b. 0 c undefined d. undefined ” a. cos(9) = _g =5?T[
The tangent of 45°is 1. :
. . 2 7
’ a1l b1 -1 d - b. sin(6) = —g 0="7
8 a. 60° b. v3 c. tan(60%) a. sine ratios:
9. a. V3 —/3 V3 d -3 1:5 I
- 3 R 73 : st
: a.5 b -5 c=5x d-—-=% 05— ¢
3 3 3 3 .
3 -30 0] 30 60 90 120 150 1% 210
a 251 b.Z_,B.g_,\@ 1
1 3 % 2 1 .
c. tan(180°) = 0 because the terminal side 2. _
o b. cosine:
of an angle at 180° has a slope of 0. N
| e
122 3. undefined b. g c.—1 d. 3 0:5 bt ®
13. a. 135° or 315° b. 60° or 240° 30 o 3 e & 130 150 180 210
a. cosecant  b. secant  c. cotangent 1
14, s
d. cosine  e. tangent  f. sine IR
4
r a. 2 b. —3 c —1 d. 1 N 2. tan() =%=%
e. — — undefined ' b. § = tan™] (%) = 26.6°
3 5 1
% a3 b. 1 a. tan(9)=—%=—j
' 3 V333 V3 q ] 28. —4 4
CT\/—— 3 = Sy b.tan(9)=_—3=§
- Z. smtee b. tanG‘9 (]:c cosg a tan~! (_%) = 266°
- €O & 3¢ - SEC 29. The reference £ is 26.6°, in Quadrant 4.
8| o L2_v2 o _1.B_ 3 5§ = 360° — 26.6° = 334.4°
V22 2 V3 V3 3
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GUIDED DISCOVERY SCENARIOS
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8. Two angles between 0 and 2m have a sine ratio of g On the Unit Circle, there are usually 2 angles

with the same trig ratio. Using radians, which angles on the Unit Circle have each sine ratio shown?
To help you picture this, mark the 2 angles on the circle.

1
a. 3

M3

QuThe equation sinf@ = %has two solutions: 8 = % and 6 = STT[ Which angles on the Unit Circle are
solutions to each equation shown, in degrees? Mark the angles on the circle.

a. cos8 =0 b. tanf =1

10. When you “solve” an equation, you find all values that make the equation true. Trig equations are not
the only ones that can have more than one solution. Solve each equation shown.

a. ¥*=9 b. |x| =9 c. Vx=9

11. Solve each equation, using degrees over domain 0 < 8 < 360°. Mark the angles on the circle.

V2

) 1
a. cosf = - b. sind = -

12 Write and solve the sine equations that only have one solution in the interval [0, 360°).

Simple Trig Equations: Part 2

The next scenarios guide you through trig equations that are more complex. To solve each equation,
isolate the trig function and then identify all angles that make the equation true.

13. solve each equation, using radians. Restrict angles to the following domain: 0 < 6 < 2.

a. sin@+2=2 b. 3tanf = -3
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14. Solve each equation. Restrict angles to the following domain: 0 < 6 < 2.

a. cscl = b. tand = +V3

ol Y

15. Solve each equation. Restrict angles to the domain [0, 21).

a. (sech)? =4 b. 2tanf —7 = =5

16. The previous equations have had a restricted domain, but angles can be larger than 21t. Using only
positive angles, in radians, state the first 4 solutions to each equation below.

a. cosf = —1 b. (sinf)? =1 c. T+coth =/3+1

Advanced Trig Equations: Part 1

17. Now that you have learned how to solve simpler trig equations, consider a more challenging one:

sin’0 — sing = 0 (Do not try to solve the equation.)

Solving this equation combines two concepts: trig equations and factoring. Before you use factoring
to solve trig equations, it will help to review some algebra concepts. Simplify each expression.

a. 3tan@ + tané b. (sin@)(sinH)

187 Consider the expression (sin)?. Without parentheses, sinB?, it looks like the angle is squared instead
of sinf. To avoid confusion, the expression (sin@)? is written without parentheses as sin@.

a. The expression (cosf)? can also be written as
b. The expression tan38 can also be written as

c. The expression 3(sin@)? can also be written as
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Answer Key

a. 45° — tangentratiois %1 a.sinf=0 - 6=0,1
13.
1. b. 30° — tangent ratio is ig b. tanf=-1 - @ :%’7711
c. 60° — tangent ratiois +/3  <ing _B L g™ o
L .2 NORE A
a3 2 « - 14. b.tanf=+3 —» =3,
2. 3/73
d 2523 o B ¢ 1 ndefined 2n 5n
"3 3 © 73 - p T~ undetine tan9=—\/§—>9=?,?
1
0°—> (1,0) 45°-> (gg) 90° - (0,1) a. secd =+2 — cosb = ij
T 51
3. 30° - El 60° — l@ 5 COS@—§—> 9—§,?
2'2 2" 2 ' 0 1 g_2m4
cosf=—5 - 0==—5,=
a. —g b. %—> undefined c. —2 2 3°3 t St
b.2tanf =2 - tanf=1 - 0 =—+-,—4—
4. 45° and 225° 44
. 5w , Im a. 8 =m, 3m, 5, /m, ...
. ) -
c. 4-60° >3 sing =1 - 9=§,5—“,.
6. , 3 b 2 16. sing = —1 - 9:37“,77”,...
=3 ) 3
. _ 2 c. cotd =3 - tan9=?
. Both ratios are > L g™ 7m 13n 19w
i St T 6’6’6 6
a.?andT b. Oandm — —
e . 17. a. 4tand b. (sin@)“ orsin“@
c. 3-and - 18. a. cos?’0  b. (tan8)®  c. 3sin’d
a. b. . o | @ sin’6 + 3sin —3sinf —9 — sin’.—9
8 m ' b. 3tan%6 — 5tand — 2
20.| a. 5cos’6 — 4cosh b. sin’6 + 6sin6 + 9
5 a. x=+1 b. x=-5,2
’ . X+ND+D =0 > x=-7,-1
a. 90° and 270° b. 45° and 225° a x(x=N=0-> x=01
2.1 b.3x(x*=9) =0 - 3x(x+3)(x—3)="0
) x=0,3, -3
" a. X¥*(x=3)—1x—=3)=0
> x=3)(x*-1)=0
> X=3)Kxx+DXx—1D=0 - x=3, &l
_ _ 23. !
10. a. x =13 ) b. x =49 b.Xz(X—S)—4(X—5)=O
_ C. onlyl solution: x =o81 _ - (x— 5)()(2 _ 4) =0
a. 135°and 225 b. 210° and 330 N (X— 5)(X+2)(X—2) =0 - x= 5[ iz
11. % %
sinf =1 - 0=
12.

sinf =—-1 - 6=

SEab
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General Solutions of Trig Equations - Part 1

. If @ is restricted to [0, 2m), the equation below has 1solution. What is the solution?

cos(0) = -1

. If xis restricted to [0, 2m), the equation below has 2 solutions. What are the solutions?

tan(x) =1

. Simplify each expression.

a. tan(m) b. tan(2m) c. tan(3m)

. Identify the first 4 positive solutions of the equation tan(x) = 0.

. Simplify each expression.

a. sin() b. sin (57“) c. sin (97")

. If angles are not restricted to one rotation around the circle, [0, 2m), trig equations have infinitely

many solutions. Identify the first 4 positive solutions of the equation sin(x) = 1.

-.Though trig equations have infinite solutions, the solutions follow patterns that can be represented

by expressions like the one below. If n = 0, write the first 3 solutions.

x=%+21‘tn

. Consider the equation cos(8) = —1. Its solutions are 8 = m, 3w, 5w, 7m... These values follow a pattern

that can be represented as: 8 = m + 2nin, wherenis O, 1, 2, 3, etc... This is called the general solution.
Represent each solution in a general form.

7m B 9w
131313"-

5t 9m 13

TC Tt
a. 9—1'[,51'[,91'[,”1'[... b. H_Z'T’T'Tm C. 9:§
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9. Write each solution in a general form.

c. x=-2,410,16..

21—
Bl
=
ENEN

a. x=2,58,11... b. x

10. wirite the general solution of the equation shown.

tan(x) = —1

11. These trig equations can also be represented graphically. Consider the graph below. The wave is the
graph of the function y = sin(x). The dashed line is the graph of y = 1.

e e e e e e e e e e ——

=) 2 Wn 52 3Wn o2 SN
1l

a. ldentify the first 4 positive solutions of the equation sin(x) = 1.

b. What is the general solution of the equation sin(x) = 1?

12. Consider the graph below. The repeated S-shaped curves are the graph of the function y = tan(x).
The dashed line is the graph of y = 1.

et e e e f e __

=7 w4 w2 3ma_~m  bmid 3w2 7mia_~on  9mid 5m2 w4 o

'
N

:
N

a. ldentify the first 4 positive solutions of the equation tan(x) = 1.

b. What is the general solution of the equation tan(x) = 1?
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Unit 10 | Section 2

Answer Key
1 f=m 23. a. x=m, 5m 91t b. x =E,1'[,5—Tt
mS5 3 3
2. 0=—-,—4— mT T
4’ 4 24. 29—4+Tm - 9—§+7n
3. tan(m) = tan(3m) = tan(5n) = 0
4. X =, 2m, 3T, 4m 25. m om 9m 13m
’5 L= 5 88’8’ 8
. TC o o _ n
3 5|n(2)—S|n(T)—s|n(T):1 L |3 180° b 180° c x+1=180 > x =09
d. x—30=180->x =210
: _m 5t 9r Bm —
2 27 ?3 2 a S|n(7 =1s;)x—z=7 ;
7. I /m on o, T L — 2t
X 373’73 _>X—2+4—>X—4+4—>X—4
a.0=m+4mn b 9=Z+Tm b cos(STT[)=—§ SO x+%=STT[
8. 27.
c.6—3+21'tn —>x=%—g—>x=4%[—>x=2?n
o a. 6 =2+43n b.9=%+%n C tan(gT)=—1 SO x——=3TT[
c. 8 =-24+6n 3m ., m 3m 2T 5t
> X=—0 15 > X=—7+ X ==
3 4 "2 4 4 4
10. X:T+“n
m 5m 9m 13 a cos(9)——Qif9=3—or9=5—T[
T a. x=3,5,5,5- b.x=5+2mn 2 4 4
222" 2 2 x+E—3—norx+E—5—n
D _mosmom BT 44 4 4
| aX=p oo X=g+mn x=orx=m
V3 7
m S5m . T m
13. x =3 +2mn and x = =+ 2mn b. tan(8) =5 if 6 = or 6 =%
8. 4m_w 4m 7/
a. =%+2Tm andx—5€1)1+21'm X=3 =g orx—%5=7%¢
14. _9m_ 3m _/m_ 8m_ 5m
b.x=§+1'[n X—6 ZOrX_6 6 %
J3 C. S|n(9)——1 |f9—37 r9=7n
15. sin(x) = =
2 3m m /T
X 3 + > I’3X+7=7
16. a. 90° b. 90° < 90° d.==90° 018
2 3x=mor3x=3n - X=30rx="
a. 3x=90° -» x=30°
17. X Tt
b_7:9o°—>x=180° 5% 2x=§+21'm and 2x = 3 + 21tn
a. divide by 2: x = 45°, 225°, 405° . - x=%+1‘tn and x—3+1'm
18. b. divide by 3: x = 30°, 150°, 270°
) ™ /T T 41
c. multiply by 2: x =180°, 900°, 1620° 30. 2 and 3,3
a. x =45°+4+180n b. x =30°+4120n
19. X 3x=%+21‘m and 3x—5%[+21'm
C > =90° 4+ 360n —» x =180°+720n 31. D
> x=1%+%n and x=5—T[+2—T[
s 18" 3 18 " 3
X B3n 25 St 171 29
01 i i m 171 s
20! b. 3x=2+2mn » x =T+ 32 % 75 78 2 7 8 T8
X T
C 7—7+2Tm—>><—1'[+41'm
15k
21. =I ==
a. x=g b. x >
22. a x=%+2?nn b. x =1+ 4mn
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GUIDED DISCOVERY SCENARIOS Unit 10 | Section 3
The equation sin®@ + cos?8 = 1is called an identity, a statement that two expressions are equal. Two

simple identities are “2 + 2 = 4” and “v/9 = 3.” The statement “sin’f + cos?0 = 1" is a trigonometric
identity. While you already know simple trig identities, you will now discover more complex identities.

Reciprocal & Quotient Identities

1. Write each expression as a reciprocal of sine, cosine or tangent.

a. cscl = b. sech = c. cotfd =

2=Write tangent and cotangent in terms of sine and cosine.

a. tanf = b. cotf =

3. Simplify each expression by converting everything to sinf or cosf.

a. sinfBcotf b. secBcosO c. 3tan@cotf

4. Use the reciprocal and quotient identities to simplify each expression.

sinf + 1 b cosf tanf + 3tan26’
sin@ © cotf c tand

5. There are many other trig identities. One is shown below.
a. cosftand = sind

The steps below show why the left side equals the right side. Finish the steps.

sin@ cosf sind@

. ﬁ .
cosf 1 cos@

b. To “prove” an identify, change expressions until both sides match. Prove the identity
shown by simplifying the left side. The first step is done for you.

sin@ + cos@

o =tanf +1

sin@  cosf
cosf ' cosf
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6. Consider another identity, shown below.

cos@tanfcscO =1

- . sinf
Finish this proof: cosf 050 cscd -

/. Prove the following identity by manipulating the equation’s left side.

cosf + 1

- = cotf + cscl
sin@

8. Prove this identity by manipulating the equation’s right side.

cos@ + 1

= secl + 1
cos6

Strategies for Proving Identities

Unit 10 | Section 3

Proving a trig identity is like solving a puzzle. You use identities and algebraic operations to
manipulate the 2 sides until they are identical. You can work on one side or both sides.

9. Prove each identify by manipulating the left side.

= 2sin’0

1
= cscOsecl

A SinBcosl

" csc0

10. Prove each identify by manipulating the left side.

2+ sin@
cosf

a. 2secf +tanf = b. (sinf + cosB)? = 1+ 2sinfcosh
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76
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Answer Key
1 1 b 1 1 l ith 1
. 2 Snd - TosB ¢ tGnd Replace sec8 wit Zos0
sinf cosf (I A cos 41
2. . —— b, —= 13 cosf cosf " cos@ cos@
cosf sin@ : 1 cosf 1 cosf —1
cosf cost?9 N 1@ - CCéW c0599+ :
a. sinf-——x > cosd b. ——5-cosf =1 cos ._COos €os
3. . sin6 . cosB cos@  cos@—1  cosd —1
3. sin@ _cosG_)?)_schosQ_)g_]_)g
¢ >"cosf " sing sinfcosf sin’0 cos26 sin’0 + cos20
i * sinfcosf ' sinBcosO infcosd
a 2;Ez+si:\9 14 csch sin c?s sin 1cos sin (;os ;
b cosf 0 - cosf 0 sinf ~ Sinfcosf sind cosd = ©C se‘c
Tosg T €08 =g = cosf - o » b . 1=sin6 T _1+s!n9
4, sin@ ) ' " 1+sinf 1—sinf " 1—sin@ 1+ sinf
sinfcosh ing 1—sin@ 14 sinf
cosf sin - 2 ")
p) 1—sin"6 1—sin"0
c tanf  3tan<0 14 3tand 2 2
Tt - -
tané : tanf 1—sin20 co0s20
% — sinf 15. | a. sin’d =1—cos?0 b. cos?6 =1—sin’0
> b sind | cos® tand +1 k! tan’0 +1=sec’d b. tan’f = sec’d — 1
' cosf ~ cosb " c. sec’d —tan’f =1
6 050 - sind 1 _ | sinfcosf sin20  cos20 1
cosf sind sinfcosf ) 2. . )
17. sin“@  sin"@  sin“60
7. _(:959 —.1 — cotf + csch - 1+ cot®d = csc’6
sind _ sinf b. cot’d = csc’0 —1  c. csc?f — cot?8 =1
1 1 cosf cosf +1 .2 2
8. — 41 - + - sin“@ + cos“6 =1
0 [ 6 [
cos ] cosY €O €os sin%0 = 1— cos26 cos20 =1—sin’0
- . . . 2 .
o 3 5ng cosg csclsecd divide b;)th sides byzcos 6:
: 2 - 2sine 18, tan“d + 1= sec°6
"1 csclh tan?6 = sec’g — 1 sec’f —tan?0 =1
2 | sin@ _ 2+sind divide both sides by sin’@:
d- 2050 Tcosd ~ " cosh 14 cot20 = csc28
10, b. (s’|n299+ Czos_gg(smg + COSZE;) cot’d = csc?f — 1 csc?6 —cot? =1
- + >Inbeos +cos 9.0 a1 b —cos’d c.1 d —cot’d
- sin“@ 41- cozs Q;—ngwﬁcose cosf _ sech R s _
= 14 2sinfcos 2. secd ~ secO 1
sec2u 1 5 . ) Cosg. 2
.—2——2—>1—c059—>sm9 - cos?0 —1 » —sin“0
1. seccu seccu
p, 0+ ta1n-f)t(;n_9tan9) S 1—tand Replace tan?6 + 1with S1eC29
5 s@nG(csc9+1) . 1+s@n9 sec20 R 1 cos29
" sinf(cscl — 1) 1—sin6 21. tanfcsc26 tang _1
, Cos6(1+sing) _ cosd(l + sin6) ) sin’8
: 2 .2 ;
cos“ 0 1—sin" @ 1 . sIn 6 1 . 2
. cosf(1 + sinf) . cosf tanf cos29 tang ta" 6 - 1300
12. (1—=sin@)(1 + sinB) 1—sin@
c cosf + cosfsind cosf + cosfsind
C 1—sin’e cos’ g
cosf | cosBsind R 1 + sin@
cos?0  cos?f cosf * cos6
— secl + tanf





